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^ ■ Abstract 

o 

\^ ' I discuss some issues of perturbative quantum gravity, namely of a theory of 

^^ , self-interacting massless spin-2 quantum gauge fields, the gravitons, on flat 

^^ ' space-time, in the framework of causal perturbation theory. The central 

aspects of this approach lie in the construction of the scattering matrix by 
means of causality and Poincare covariance and in the analysis of the gauge 
structure of the theory. For this purpose, two main tools will be used: the 
Epstein-Glaser inductive and causal construction of the perturbation series 
JL , for the scattering matrix and the concept of perturbative operator quantum 

flj ' gauge invariance borrowed from non-Abelian quantum gauge theories. The 

(^ , first method deals with the ultraviolet problem of quantum gravity and the 

second one ensures gauge invariance at the quantum level, formulated by 

means of a gauge charge, in each order of perturbation theory. The gauge 

^ ' charge leads to a characterization of the physical subspace of the graviton 

Fock space. Aspects of quantum gravity coupled to scalar matter fields are 
also discussed. 
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1 Introduction 

The central aspect of this work is the construction of the S'-matrix for gravity 
by means of causahty in the quantum field theoretical (QFT) framework. This 
idea goes back to Stiickelberg, Bogoliubov and Shirkov and the program was 
carried out successfully by Epstein and Glaser [1, 2] for scalar field theories 
and subsequently applied to QED by Scharf [3], to non-Abelian gauge theories 
by Diitsch et al. [4, 5, 6] and to quantum gravity (QG), (by which we mean 
a QFT of self- interacting massless spin-2 quantum gauge fields on flat space- 
time), by Schorn [7, 8]. For this non-geometrical approach, see [9, 10, 11]. For 
our purpose, namely the implementation of QG as a Poincare covariant local 
quantum field theory with a considerable gauge arbitrariness, two main tools 
will be used: the Epstein-Glaser inductive construction of the perturbation series 
for the S'-matrix with the related causal renormalization scheme [1, 3] and the 
concept of perturbative operator quantum gauge invariance [6, 12]. A detailed 
exposition of what follows can be found in [13, 14, 15, 16]. 

2 Causal Perturbation Theory 

In this section we give a concise review of the causal approach to QFT. We 
consider the S'-matrix, being a formal power series in the coupling constant, as 
a sum of smeared operator-valued distributions of the following form [1, 2, 3] 

S{g) = 1 + X^ — / d^xi ...d^XnTn{xi,... ,Xn)g{xi) • ... ■ g{xn) ■ (2.1) 

n=l 



The Schwartz test function g G 5(M^) plays the role of adiabatically switching 
the interaction and provides a natural infrared cutoff in the long-range part of 
the interaction. 

To establish the existence of the adiahatic limit g ^ 1 m theories involving 
self-coupled massless particles, like QG, may be problematic. This aspect will 
not be considered here. 

The n-point operator-valued distributions T„ are well-defined renormalized 
time-ordered products and can be expressed in terms of Wick monomials of free 
fields. They are constructed inductively from the first order Ti{x), which plays 
the role of the usual interaction Lagrangian in terms of free fields, by means of 
Poincare covariance and causality. The latter, if correctly incorporated, leads 
directly to the renormalized perturbation series for the S-matrix which is UV- 
finite in every order. 

The construction of T„ requires some care: if it were simply given by the 



usual time-ordering 

Tnixi,... ,Xn) = T{Ti{xi) . . .Ti{Xn)} 

= 2^ 0(^7r(l) ~ ^w{2)) ■ ■ ■ ®(^7r(n-l) ~ ^7r(n)) (2.2) 

TrScTn 

X Ti{x^^i))...Ti{x^(n)), 

then UV-divergences would appear. If the arguments xi, . . . ,Xn are all time- 
ordered, i.e. if we have x^ > X2 > ■ ■ ■ > x^, then T„ is rigorously given 
by T„(xi,... ,Xn) = Ti{xi) . . .Ti{xn). Since r„ has to be totally symmetric 
in xi,... ,Xn, we so obtain T„ everywhere except for the complete diagonal 
A„ = {xi = X2 = ■ ■ ■ = Xn}, i.e. except for the coincident point in configura- 
tion space. The correct treatment of this point constitutes the key to control 
the UV-behaviour of the n-point distributions. Indeed, products of Feynman 
propagators with coincident arguments 

n(x - y) =D^{x - y) ■ D^{x - y) = ? 

/I 1 
d'^k- —: — (2.3) 

= logarithmic divergent 

are the origin of the UV-divergences in loop graphs, because time-ordering can- 
not be done simply by multiplying (singular) distributions by discontinuous 
B-distributions, since this procedure is usually ill-defined. 

The distributions must be carefully split into a retarded and an advanced 
part for the T„ to be well-defined and finite. 

Let us illustrate how the inductive construction works by means of an ex- 
ample in which T2{xi,X2) is constructed for a massive scalar field ip with a 
(/3^-coupling. 

We define a QFT by giving the equation of motion of the free quantum field, 
the covariant commutator rule and the interaction Lagrangian Ti with coupling 
strength g 

(n + m^) V?(x) = , [(p{xi),(p{x2)] = -iDm{xi- X2), Ti{x) = i g : (p{xf : , 

(2.4) 

where Dm is the massive Jordan-Pauli distribution 

Dm{x) = -^ Jd'pdip' - 11?) sgn(pO) e-'-P-- . (2.5) 

Causality of the S'-matrix means 

S{gi +52) = S{g2)S{gi) for supp(5i) < supp(52) • (2.6) 

The notation < in the support condition means more precisely: supp(5ri) n 
{supp(<72) + l^+}=0. 



Translated in terms of T2{xi,X2), the condition of causality becomes 

[Ti{x2)Ti{xi) forx2 > xi . 

Clearly, difficulties arise for xi = X2- 

Following the causal construction of Epstein and Glaser, we define the auxi- 
liary distributions 

R2{xi,X2) ■■= -Ti{x2)Ti{xi) , A2{xi,X2) := -Ti(a;i)Ti(a;2) 

D2{xi,X2) := R'2{xi,X2) - A2{xi,X2) , (2.8) 

and carry out all possible contractions in D2 using Wick's lemma, leading to 

3 
D2{xi,X2) = Y^ : Ok{xi,X2) : 4'(a:i - X2) . (2.9) 

fc=i 

: Ok{xi,X2) '■ represents a normally ordered product of free field operators and 
dg (xi — X2) is a numerical distribution. Expanding the result we can identify 
tree, loop and vacuum graph contributions (no tadpoles appear), respectively 

D2{X1,X2) =+ ■.ip{xi)ip{xi)(p{x2)(p{x2): S2\xi-X2) + 

+ :ip{xi)(f{x2): d2\xi - X2) + dfixi - X2) , 
where the numerical distributions are given by 

d^^\xi - X2) = 9ig^ [Dl^\xi - X2) + D^^\xi - ^2)] = 9ig^D^{xi - X2) , 

S^\xi - X2) = lSg'[D^+\xi - X2f - Dl^^xi - X2f] , 

dfixi - X2) = -6ig^ [Dl^\xi - X2f + D^m\xi - X2f] . (2.11) 



In addition, we define 



R2{xi,X2) := -Ti(x2)ri(a;i) +T2{xi,X2) 
Mixi, X2) := - Ti(xi)Ti(a;2) + T2{xi,X2) 



(2.12) 



so that 

D2{xi,X2) = R2{XI,X2) - A2{xi,X2). (2.13) 

From this last equation, it follows that 

T2{xi,X2) = R2{xi,X2) - R'2{XI,X2). (2.14) 

Now, the issue is how to compute R2 without using its definition (since it con- 
tains the unknown T2). This can be done by analyzing the support property 



of D2: the most important property of D2 is causality, i.e. supp(d2 (x)) C 
V+{x) U V~{x), with X := xi — X2- 

In order to obtain T2{xi,X2) we have to spht the distribution D2 into a 
retarded part, R2, and an advanced part, A2, with respect to the coincident 
point a; = 0, so that supp{R2{x)) C V+{x) and supp(^2(2;)) ^ V'{x). 

This sphtting of the numerical distribution dl^ (x) must be accomplished 
according to the correct singular order uj{d2 ), which agrees here with the usual 
power-counting degree of Feynman diagrams, and describes the behaviour of 
d2 {x) near x = 0, or that of dl^ {p) in the limit p -^ cx). 

If u; < 0, then the splitting is trivial and agrees with the standard time- 
ordering and we recover the Feynman rules. If w > 0, then the splitting is 
non-trivial and non-unique 

d^^\x) ^ r^^\x) + Y^ CaD"'5'^^\x), (2.15) 

|a|=0 

and the retarded part ^2 (x) is obtained in momentum space by means of a 
subtracted dispersion integral (thus recovering the relation between causality 
and dispersion relation) of the form 

rf{p) = ^rd K. ...5iy , . ... >Pey+. (2.16) 



2vry_oo (t-iO)"+^(l-t + iO) 

Eq. (2.15) contains a local ambiguity in the normalization: the CaS are undeter- 
mined finite normalization constants, which multiply terms with local support 
~ 5^*^(xi — X2). This freedom in the normalization has to be restricted by further 
physical conditions, e.g. unitarity, Lorentz covariance, existence of the adiabatic 
limit and gauge invariance in the case of gauge theories or gravity. 
Finally, T2 is given by 



T2{XI,X2) = i?2(xi,X2) +ri(x2)Ti(xi) = ^ : Ofc(xi,X2) : tf{xi-X2Y°' , 

(2.17) 



fe=0 



with 

a;(dW) 

if{pr' = if{p)+ X; CaP". (2.18) 

|a|=0 

Applying the described scheme to our example, we find for the operator-valued 
distribution T2(xi,X2), Eq. (2.17), the expression 

T2(xi,X2) = + ■.ip{xi)Lp{xi)if{xi)if{x2)'~p{x2)ip{x2): {-Q^) 

+ ■.^{xi)^{xi)^{x2Mx2): t^2\xi - X2f°' (2.19) 

+ ■.^{xiMx2):tf{xi - X2T' + tl\xx - X2T' . 
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The first term represents the disconnected contribution coming, in Eq. (2.17), 
from Ti(x2)Ti(xi). The distribution in the second term ^2 (-^i ~ ^2)*°* = 
+9i (7^ D^{xi — X2) is the Feynman propagator for the tree graph contribution, 
whereas the loop distribution ^2 (^1 ~ 2:2)*''* is easily obtained in momentum 
space by means of Eq. (2.16) and reads 



-[21. -.tni i — 9g^7r /"°° . \/ sis - q) _ 4m^ 

*'<"' = ^ W / "' .Hi-s'i,) + '» ■ <^» "^ •* ■ ' = 1^ ■ P-^»' 

The result of the evaluation of the above integral can be found in Sec. 8. Since 
a;(d2 ) = 0, the splitting is not unique and we must take the local normalization 
term cq into account. 

We do not give here the expression for the vacuum graph contribution, the 
treatment of the latter can be found in Sec. 5 and in Sec. 8. 

The inductive construction can be repeated for every order of perturbation 
theory, although the complexity increases. The most delicate step is the distri- 
bution splitting, which corresponds to a natural and mathematical well defined 
ultraviolet regularization in the usual terminology. The advantage of the causal 
scheme is that it leads directly to the renormalized perturbative expansion for 
the S'-matrix without using a cutoff. It makes possible to compute finite ampli- 
tudes for various processes to a given order in the coupling constant and it does 
not rely on the Lagrangian approach. 

3 Quantization of Gravity 

3.1 From General Relativity to Quantum Gravity 

Since we are interested in a quantum theory of Einstein's general relativity, we 
start from the Hilbert-Einstein Lagrangian density Che written in terms of the 
Goldberg variable g^^^ = yj—gg^^ and we expand it into a power series in the 
coupling constant k^ = 32 7rG, by introducing the graviton field h^^'^ defined 
through nh'^'^ = g'^'^ — t]^"^, where r/^^ = diag(l, — 1, — 1, — 1) is the flat space- 
time metric tensor 

— 2 °° 

Che = -T V^a^" R^^u = V K-'' C^^ . (3.1) 



,2 V yy ^^t^u ^^ 

j=0 

Che represents an interaction involving j + 2 gravitons. From this formulation 
of general relativity we extract the ingredients for the perturbative construction 
of causal QG. 

We stress however the fact that we consider the classical Lagrangian density 
Eq. (3.1) only as a source of information about the fields, the couplings and 
the gauge which we work with. Causal perturbation theory does not rely on a 
quantum Lagrangian with interacting fields. 



In a new approach, which has been proposed in [12], one constructs the 
first-order interaction essentially by the requirement of perturbative quantum 
gauge invariance (see Sec. 4). 

By considering the Euler-Lagrange variation of C^\; from Eq. (3.1) in the 
Hilbert gauge h°'^{x)^fj = we obtain the equation of motion for the free graviton 
field ah'^P{x) = 0. 

3.2 Quantum Gravity as a Quantum Field Theory 

In quantum gravity, we consider the free rank-2 quantum tensor field h^'^{x), 
the graviton, which fulfils the free wave equation after having fixed the gauge. 
For the causal construction we need the commutation relation between free field 
operators at different space-time points and the first-order graviton self-coupling 

The graviton field fulfils the Lorentz covariant quantization rule 



= -ib''f^'"'Do{x-y), 



(3.2) 



where Dq{x) is the massless Jordan-Pauli causal distribution. 

The first order coupling among gravitons, being linear in the coupling con- 
stant K, can be derived from Eq. (3.1) by taking the normally ordered product 
of C'h'e 

r^^^(x) =iK: £(JUa;) := ^ | { : hP-{x)h^^ix),ph''^ix),^ : + 

- ^ : hP''ix)h{x),ph{x),a : +2 : /i^'"(x)/i'^'^(a;),„/i''"(a;),^ : (3-3) 

+ : hP^{x)h{x)^o.hP^{x)^o. : -2 : /i'"^(x)/i"^(x),/3/i''°(x),^ : } . 

The non-linearity of gravitation reflects itself in the self-coupling of gravitons. 
For convenience of notation, h := h?^ and all Lorentz indices are written as 
superscripts whereas the derivatives are written as subscripts. All indices oc- 
curring twice are contracted by the Minkowski metric ry^'^ = diag(l, —1, —1, —1). 
Since the perturbative expansion for the 5'-matrix is in powers of the coupling 
constant «;, we are allowed to take for the first order cubic interaction between 
gravitons only the contribution coming from C^e- 

After quantization, Eq. (3.2), the coupling (3.3), completed by a suitable 
ghost-graviton coupling term (see Sec. 4), can be used in perturbation theory 
to calculate quantum corrections to classical general relativity. 

Two serious problems arise in this procedure. The first one is the non- 
renormalizability of quantum gravity due to presence of two derivatives on the 
graviton fields in (3.3) whose origin lies in the dimensionality of the coupling 
constant {[k] = mass^^). The second one is the non-polynomial character of 



Che^ Eq. (3.1), which reflects itself into a proliferation of couplings, i.e. into an 
increasing polynomial degree in the interaction structure. 

The first drawback, non-renormalizability, can be approached by means of 
the inductive causal construction of the T„'s, which makes it possible to find 
finite and cutoff-free quantum corrections for any process describable in the 
^-matrix framework, although the solution is not quite clear with regard to 
physical predictability due to the increasing number of finite normalization terms 
in the distribution splitting (2.15) in each order of perturbation theory. 

With regard to the second issue, we could try to generalize the result of [7] 
and the more recent result of [12], which suggest that the concept oi perturhative 
quantum operator gauge invariance (see Sec. 4) may be able to explain the higher 
polynomial couplings: gauge invariance to second order will automatically imply 
the introduction of a quartic graviton interaction exactly as prescribed by the 
expansion of the Hilbert-Einstein Lagrangian [7], see Sec. 5.2. If we were able 
to repeat this step in each order of perturbation theory, we would recover the 
full Einstein gravity in quantum form. At this point the somewhat artificial 
decomposition of the metric tensor into a fiat background and a dynamical 
variable would acquire a merely book-keeping purpose beside the fact that we 
consider an asymptotically flat situation. 

4 Gauge Structure of Quantum Gravity 

4.1 Gauge Charge 

The classical gauge transformations /i"^ -^ /i"^ + n"'^ + n^'" — r/'^^n'^, which cor- 
responds to the linearized general covariance oi g'^^{x) [17], can be implemented 
on a quantum level by means of the gauge charge Q 

Q:= J d^xh''^ix),f3l)iu^ix). (4.1) 

x^=const 

In order to get a nilpotent gauge charge (Q^ = 0, in order to prove unitarity of 
the S'-matrix and to construct the physical subspace of the graviton Fock space), 
we have to quantize the vector field u^(x), the ghost field (□u^(a;) = 0), with 
its partner u'^{x), the anti-ghost field (with □^'^(x) = 0, too), as free fermionic 
vector fields through the anti-commutator 

{u^{x),u''{y)}=zv^''Do{x-y), (4.2) 

whereas all other anti-commutators vanish. 

The gauge charge Q defines an infinitesimal gauge variation by 

(iQ^:=Q^-(-l)"G(^)^g, (4.3) 



where na{A) is the number of ghost fields minus the number of anti-ghost fields 
in the Wick monomial A. The operator cIq obeys also the Leibniz rule 

dQiAB) = idQA)B + i-iro{A)^^^-^^ (4 4) 

for arbitrary operators A and B. 

The infinitesimal operator gauge variations of the fundamental asymptotic 
free quantum fields are 

dQn"(x) = {Q,n"(x)}=0, 
dqu^ix) = {Q,u^{x)]=ih^^{x)^p. (4.5) 

4.2 Perturbative Operator Quantum Gauge Invariance 

Formally, S-matrix gauge invariance means linig^i dQS{g) = 0. This follows 
from 

\un.(S'{g) — S{g)) = lim {—i\ [Q, S{g)] + higher commutators) = , (4.6) 

which holds true, if the condition of perturbative gauge invariance to n-th order 
dgTnixi, ... ,Xn) = [Q, Tn{xi, ... , x„)] = sum of divergences , (4.7) 

is fulfilled for all n > 1. 

4.3 Gauge Invariance to First Order 

Already for n = 1, Eq. (4.7) is non-trivial, because dgT^ ' (x) ^ divergence. 
This requires the introduction of a anti-ghost-graviton-ghost coupling [7] 

T,"'^° = iK{+ : u'^{x),^hP''{x),pUp{x) : - : r(x),^/i'^^(x)^^(x),, : 

- : u''{x),^hPP{x)u''{x),p : + : u" (x) ^^hP-^ {x)uP (x) ,p : ) , ^ ' ^ 

which was first derived by Kugo and Ojima in [18, 19]. Therefore, we obtain 
T^ '"^{x) + T^'^°{x) j =: d^T^M{x) = sum of divergences . (4.9) 

One explicit form of T^h ~ { : uhh : + : uuu : | , the so-called Q-vertex, was 
derived in [7]. The ghost couplings in causal quantum gravity are analyzed in 
great detail in [8]. 

The fermionic quantization of the ghost fields, usually called Faddeev-Popov 
ghosts, is not only necessary for having a nilpotent Q, but also for perturbative 
gauge invariance to be fulfilled. 
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In the path-integral framework, the ghost fields appear as a consequence of 
the quantization after gauge fixing [20], but it was already noticed by Feyn- 
man [9] that without ghost fields a unitarity breakdown occurs in second order 
at the loop level. 

Although the condition dQTi{x) = divergence seems to be rather easy to 
fulfil, it has two important consequences. First of all, it rules out the possibility 
of a renormalizable theory of quantum gravity [12], because for a renormalizable 
interaction Ti[x), i.e. without the two derivatives acting on the fields^, pertur- 
bative gauge invariance to first order entails only the trivial solution Ti(x) = 0. 

The other interesting consequence pointed out in [12] is the following: if 
T^~^'^{x) is the most general ansatz for the graviton coupling and the most 
general ansatz for the ghost coupling 

Tf +«(x) = Y.aj : {hhh}^ ■.+Y.^j ■■ {uhu}^ : , (4.10) 



(with two derivatives acting on the fields), then the requirement (igT^^ ^"(2^) = 
divergence selects a small number of possible theories and the Hilbert-Einstein 
graviton coupling T^ ' , with the Kugo-Ojima ghost coupling T^ ' , lies among 
them. Moreover, all the allowed couplings can be transformed in such a way 
that the most general coupling has now the form 

Ti(x) = T^ ' (x) + r"' (x) + divergence couplings + dQ{uhh + uuu) . 

(4.11) 

The last term represents the so-called coboundary terms which, together with 
divergence terms, seem to play no physical role. 

The definition of the Q-vertex from Eq. (4.9) allows us to give a precise 
prescription on how the right side of Eq. (4.7) has to be inductively constructed. 
We define the concept of perturbative quantum operator gauge invariance by the 
equation 

" d 
dqTnixi,... ,x„) = X]^^"A(^1'--- ^xi,... ,Xn). (4.12) 

1=1 ^' 

Here, T^,^ is the time-ordered renormalized product, obtained according to the 
inductive causal scheme, with a Q-vertex at x;, while all other n — 1 vertices are 
ordinary Ti-vertices. 

Analysis of the condition (4.12) shows that perturbative gauge invariance can 
be spoiled by local terms, i.e. terms proportional to :0(xi, .. . ,x„) : (5*■'""■*'(xl — 
Xn, . . . , Xn-i — Xn), which may appear as a consequence of distribution splitting 
on both sides of Eq. (4.12). 

with only one derivative it is impossible to form a Lorentz scalar interaction term 
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If it is possible to absorb these local terms by suitable local normalization 
terms Nn of T„ and N'^n of T^n in such a way that the equation 

Tn + Nn){xi,... ,Xn) = Y.^[K,l + K/){xi,... ,XU... ,Xn) (4.13) 

1=1 ' 

holds true, then we call the theory gauge invariant to n-th order. 

5 Quantum Gravity in Second Order 

Before undertaking the examination of the various contributions in second order 
perturbation theory (tree, self-energy and vacuum graphs), we give the formula 
for the singular order of arbitrary n-point distributions in perturbative quantum 
gravity. 

We consider in the n-th order of perturbation theory an arbitrary n-point 
distribution T^{xi, . . . , x„), appearing in Eq. (2.1), as a sum of normally ordered 
products of free field operators multiplied by numerical distributions 

rih riu riu 

Tnixi,... ,Xn) --YlH^k,) H^^^"^') JJ^^^"')- ^ni^l, ■ ■ ■ ,Xn). (5.1) 

j=l 1=1 1=1 

This T^ corresponds to a graph G with Uh external graviton lines , Uu external 
ghost lines and na external anti-ghost lines. 
The singular order of G then reads 

uj{G) <4: — Hh — Uu — riu — d + n. (5.2) 

Here d is the number of derivatives on the external field operators in (5.1). 
The < means that in certain cases the singular order is lowered by peculiar 
conditions, e.g. by the equations of motions of free fields. 

In the usual QFT formulation, Eq. (5.2) implies the non-renormalizability 
of QG, because uj{G) increases without bound for higher orders in the pertur- 
bative expansion. This means that there is a proliferation of divergences and of 
counterterms (one still has to hope that the needed counterterms can be fitted 
into the original Lagrangian) to remove them. 

The hope that QG was UV-finite to all orders failed after the two-loop cal- 
culation in [21, 22, 23], although the one-loop order is UV-finite [24, 25]. 

The situation is different in causal perturbation theory: we are facing in this 
case a non-normalizable theory. The theory has a weaker predictive power but 
it is still well-defined in the sense of UV finiteness. 

The ambiguity in the normalization reflects itself into an increasing number 
of free, undetermined but flnite constants in Eq. (2.15). The problem is then to 
find enough physical conditions or requirements to fix this increasing freedom 
and to investigate the effects of these local interactions for physical quantities. 

12 



5.1 Graviton Self-Energy 

We investigate the graviton self-energy contribution (graviton and ghost loops) 
in second order. As in Sec. 2, the inductive construction of T2{xi,X2) can be 
accomplished in two steps: in the first place we construct the causal distribution 
D2 from Eq. (3.3) and (4.8) by applying Wick expansion with the contractions 
given by Eq. (3.2) 



Dl^{xi,X2) 



T^«(xi),T^«(x2) 



:/i"'3(xi)/i^'^(x2):(if(xi-X2)«;3M. 



(5.3) 



Because of translation invariance the C-number distribution ^2^ depends only 
on the relative coordinate x = xi — X2- In momentum space we obtain for the 
self-energy tensor 



where P{p)ai3uu ^® ^ covariant polynomial of degree 4 



(5.4) 



Pip) 



(4) 



K^vr 



960(27r)^ 



+ 162 p2 (^p'^pi^n'^^ + p^p•^r]f^^^ + p/3pM^"^ + pf^ p" t]'^'') 
- 162 /(t?"^/'^ + n'^''r]f^^') + 118 /r/"'^^'^ 



(5.5) 

Then, in order to obtain T2'^(xi,X2), we split d2^{x) according to the singular 
order ^((if^) = 4, obtained from Eq. (5.2) or from direct inspection of Eq. (5.5). 
Thus, admitting free normalization polynomial terms ^{p)?2a)'^ ^ which corre- 
spond to local interaction terms in configuration space, we obtain 



Uip) 



T2^"(xi,X2) =:h"''{x,)h^''{x2): iU{x, - X2tX, , 
The scalar distribution 



+ E^(<' 



(2a) 



Kp) = -^ log 



-(p^ + iO) 
Ml 



(5.6) 



(5.7) 



is calculated from the massless causal scalar distribution d{j)) = f'(p) — a'(p) = 
0(p^) sgn(p'') in Eq. (5.4) by splitting it into d(j)) = f(p) — a(p) and subtracting 
f'(p) from r(p), see [5, 14]. The mass scale Mq represents a normalization 
constant and not a cutoff. 
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To get a condition for the undetermined normalization terms, we consider 
the sum of the proper self-energy diagrams with an increasing number of self- 
energy insertions. By requiring that the mass of the graviton (which is zero) and 
the coupling constant k remain unchanged under these radiative corrections, we 
find that all normalization terms must vanish, except for the term of degree 4 
which can be absorbed in the new parameter Mq , see [14] for details. 

We emphasize the fact that, in virtue of the causal splitting prescription, 
all expressions are UV-finite and Eq. (5.6) agrees exactly with the finite part 
obtained using standard regularization schemes [26, 27]. As a consequence it is 
not necessary to add counterterms [24] to the original Lagrangian in order to 
renormalize the theory. 

The graviton self-energy satisfies the Slavnov-Ward identity for the 2-point 
connected Green function [26, 27] 

only if ghost and graviton loops are taken into account, as well as perturbative 
gauge invariance, Eq. (4.7): dQT2^{xi,X2) = divergence. 

The result of Eq. (5.6) can also be used to find the long range, low energy 
quantum corrections to the Newtonian potential between two bodies of mass 
mi and ra2 at a distance r in the non-relativistic static limit (see Sec. 8 for the 
coupling between matter and gravity). 

In the spirit of [28, 29, 30], but without resorting to any effective field theore- 
tical calculation, we compute a matter-matter scattering diagram with exchange 
of one graviton. The corresponding scattering amplitude leads to the Newtonian 
potential V{r) = —Gmim2r~^. 

Considering also the radiative corrections coming from the graviton self- 
energy, we obtain quantum corrections to the Newtonian potential. More pre- 
cisely, we find that the logarithm depending term in Eq. (5.6) gives the r~^- 
correction 

... . -gmim2 / 206 _Gh\ 

V{r) = 1 + ^j?r -3 — 2 • ^-9) 

r \ 30 c^ vr r^ / 

In Sec. 8, when we consider also scalar massless matter, we will find supplemen- 
tary corrections coming from these massless particle loops. 

The central piece in the calculation is the distributional Fourier transform of 
log (p^/Mq) which yields (— 27rr^)~^ and the Mg-dependence disappears from 
the non-local part of the final result, being proportional to 6'-^^{x) with r = \x\. 

The relevant length scale appearing in Eq. (5.9) is the Planck length Ipi = 
^jGhjf? . Therefore, appreciable quantum corrections manifest themselves only 
for r ~ ^p;.. 

Our result agrees with the corresponding one in [30] , although this represents 
only a partial correction to the Newtonian potential, because we have taken 
into account only the graviton self-energy contribution and not the complete 
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set of diagrams of order k^ contributing to these corrections, as, for example, 
the vertex correction or the double scattering. Therefore we cannot make any 
statement on the absolute sign of the correction in Eq. (5.9). 

5.2 Tree Graphs and Gauge Invariance 

For the tree graphs we quote briefly the result of Schorn [7, 8]: perturbative 
gauge invariance to second order generates the ^-graviton coupling. 
The condition of perturbative gauge invariance to second order 

dQT2{x,y)=dlT^/^{x,y)+dyT:^,^{x,y) (5.10) 

restricted to the operator structure : uhhh : and : uuuh : can be spoiled by 
terms with local support, namely proportional to (5^"' (x — y) : local normalization 
terms A^2) ^2li ^^^ "^2^/2 °f -^2, T!^/i ^-nd T5,2 respectively, and local anomalies^. 
Therefore, we have to investigate the equation 

dQN2{x, y) = an(5^T2^/,(x, y) + dm,^{x, y)) + dlN;^/^{x, y) + dlNl^j^ix, y) , 

(5.11) 

which relates the local terms appearing in Eq. (5.10). 

We take advantage of the freedom in the normalization of tree diagrams with 
singular order w > (they appear because of the two derivatives present in the 
coupling) by choosing local normalization terms N2{x,y) of the form 

N2ix,y) =in^l+ :/i'"'/i"^/i"//i,^: -2 -.hP^h'^^hJh'^^^ : +2 : hP" h"'' hf h^P : + 

- 2 ■.hP'^hPPh'^^hP^: -- :/i'""/i^;/i"'3/i"/: - : hP"" h'"' hj hp : + 

+ : hP'^h'^^^h'^^h'^P : } 6'^^\x - y) , 

(5.12) 

for Eq. (5.11) to be fulfilled, see [7] for details. 

Taking the factor 1/2 for the second order of the S'-matrix expansion into 
account, these quartic interactions (quadratic in k) agree exactly with the terms 
of order k? in the expansion of the Hilbert-Einstein Lagrangian density Ceh 
given by Eq. (3.1). This mechanism of generation of the higher orders works in 
a purely quantum framework. 

^Anomalies are terms arising from d%T2j-i{x,y) + 9^ T^/2(a::, j/) because of the following 
mechanism: 

dZ{ ■.0{x,y) : d:D[,{x - y)) = . . . + :0(a;, jy) : aD[, {x - y) 

= ... + :0{x,y):5''\x-y) 

local anomaly 
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Such a property was already observed in Yang-Mills theories [4]: starting 
with an interaction between three gauge fields, perturbative gauge invariance 
generates automatically the 4-gauge fields coupling. 

Since QG is constructed starting from a non-polynomial Lagrangian, it is not 
clear if this scheme would also work in higher orders and the question whether 
perturbative gauge invariance to n-th order requires the introduction of local 
terms which turn out to agree with the (n + l)-th term in the expansion of the 
Hilbert-Einstein Lagrangian remains unanswered. 

5.3 Vacuum Graphs in Second Order 

We discuss also the vacuum graphs in second order. In the causal perturbation 
theory they cannot be divided away as in the Gell-Mann and Low series for 
connected Green functions, but this is not a problem because they are finite as 
a consequence of the causal scheme. The corresponding distribution T^*^ has 
been obtained by computing three contractions in Eq. (2.10). It has singular 
order uj = 6 and reads 

It is possible to prove the free vacuum stability in QG as described in [31]: 
liuig-^il^D,, S{g)^^ = 1, where Q is the Fock vacuum of free asymptotic fields. 
Perturbatively this means liiaigi^i(Q, Sn{g)^) = ,Vn > 1. 

We perform the adiabatic limit in scaling form: g{x) = go{€x) where e ^ 
and go G 5(E^) with go{0) = 1- For n = 2 we get 

lun(n,S2{g)n) = ^lhn^ fd^p\friep)+N^^iep)] 5o(p)5o(-p) = , 

~M6 



as a consequence of the bad UV behaviour of QG (T'^'^(p) ~ p^). 

At the same time, free vacuum stability forces the free normalization con- 
stants Cj to vanish. This allows the graviton to show up as an asymptotic particle 
carrying the long range gravitational interaction. 

6 The Physical Subspace J-'phys 

An interesting feature of this approach to the gauge structure of QG is the 
construction of the physical Hilbert-Fock space for the asymptotic free graviton 
field. 

In order to decouple the ghosts and the unphysical degrees of freedom of the 
graviton from the truly physical degrees of freedom in the theory, we could apply 
the Gupta-Bleuler [32] formalism with indefinite metric, but we prefer to realize 
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the free field representations on a Fock space with positive definite metric [33]. 
Lorentz covariance requires then the introduction of a Krein structure [34, 35] 
on the Fock space and we can characterize the physical subspace J-phys by the 
following definition 



•'phys • '^^^ 



Q,Qt|. (6.1) 



In order to verify the consistency of this formula, we need an explicit represen- 
tation of the free fields appearing in the theory. 

Since a symmetric tensor field with arbitrary trace transforms under the 
proper Lorentz group C_^ according to the tensor product of two spinor represen- 
tations p(i/2'i/2)^ we decompose hP'^{x) according to the irreducible reduction 
of the representations 

p(l/2,l/2) ^ p(l/2,l/2) 1^^^ ^ p(l,l) ^ p(0,0) (g^2) 

into 

/i"^(x) = H'^'^ix) + ^r/"^$(x) , (6.3) 

where H°^^{x) represents a traceless symmetric tensor field defined as H°'^{x) := 
/i"^(x) — ri°'^h{x)/4: with H\ = (9 degrees of freedom) and <5(x) a scalar field 
with h"'-f = <&. From Eq. (3.2) we obtain the following commutation relations 

[cl>(x),cD(y)] =4iDo{x-y), [H"^{x),<!>{y)] =0, 

[H-f'ix),H>^^y)] = -'-{v'^^v"" + V'^'V'"' " ^v'^'v^'') Do{x - y) 

= -ief^'"'Do{x-y). (6.4) 

For the quantization of H°'^{x) and <I>(x) we choose the following free field 
representations 



$(x) = (27r)-3/2 f ^(a(k)e-^^" + aikfe 



where the Krein conjugation K is defined by the Krein operators rjfj and % 

3 „ 

{A^f'f = ii^A^^^n , r?^ = (g)(-l)^- , No. = 2 / cPk A'^^il^)^ A^\\^) ; 

(a)K = ri^a^T]^, , r?„ = (-1)^* , N<j. = ^ f d^ k a{ky a{k) . (6.6) 

The fields are then K-selfconjugate and not f-selfadjoint, but the field com- 
ponents which spoil the selfadjointness turn out to be the unphysical ones and 
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therefore these will be absent in the physical subspace J-physi so that on J-phys one 
has H'^^ = H°^^ . The absorption and creation operators A'^^ = A""^ , A°^^ 
and a, a^ satisfy the canonical commutation relations 

[a(k),at(p)]=4<5(«)(k-p). (6.7) 

The t^'^^^^'-tensor has the following values 



j.ali\^v 


00; 00 


00; M 


Oi;Oi 


ii;ii 


«i;ii 


u; ^j 


otherwise 


value 


3/4 


1/4 


1/2 


3/4 


-1/4 


1/2 






with i,j = 1,2,3; i ^ j. From this table we see that the t'^^^'^-tensor is neither 
diagonal nor positive definite, although it is positive for the diagonal terms. In 
order to remedy these defects, we define new absorption operators 



A 



00 



A 



22 






A 



11 



A 



33 



l(+ai^ + a22_a33) 



(6.8) 



and analogously for the creation operators. Then we obtain the commutation 
relations 



[o*Xk),a^^(p)^] =6'H^'\k-p) 



(6.9) 



Note that the operators aP^ and a do not appear here because this operator 
pair is superfluous due to the trace condition H'^^ = 0. 

Now we want to specify the physical subspace with the help of the gauge 
charge Q, which now reads 



Q 



d^x (h'^^{x)^p + ^$(x)'") af n^(x)r/„T, 



(6.10) 



x"=t 



For this purpose, we need the free field representations of the ghost fields. We 
follow in our discussion the analysis of the scalar ghost fields for Yang-Mills 
theories carried out in [34] . Here we are dealing with vector ghost fields and we 
choose the following free field representations 



u^ix) = (27r)-3/2 
r(x) = (27r)-3/2 



(pp 



'2uj 
d?p 



+ 6^(p)e-^P^-r?'^'^c'^(p)^e^P^ 
r/'^'^6'^(p)1'e^P^ 



(6.11) 



c (pje 



-ipx 
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which satisfy the covariant commutation rule Eq. (4.2), whereas the absorption 
and creation operators satisfy the commutation relations 

{c^'{p),c''{k)^}=S'"'5^'\p-k), 

{b^{p),b''{k)^} = 5^''S'-''\p-k). (6.12) 

Extending the f-conjugation to the K-conjugation we obtain the most symmetric 
form 



u^ix) = (27r)-3/2 
r(x) = (27r) 



(fp 



2uj 

3/2 / d^P 



K 



+ 6'^(p)e-*P^ + 6'^(p)^e 



c^(p)e-ip^ + c'^(p)Kgi: 



,tpx 



(6.13) 



vK 



-W\ 



', or equivalently: (6*) 



This implies (u*^) = u'^ and (ii'^) 
(c^f = b'\ (60)^ = -cO^ and [c'^f -- 

The construction of the Krein operator tjg on the ghost Fock space which 
generates the transformations (O) = rjcO^rjc from the f-conjugation to the 
K-conjugation requires more work, see [14], and reads 



t]g = exp (i| {Ng - Tg) j 



where 



cMt^M) 



(6.14) 



and 



Ng = N^ - Y^ AfW with N^f) = fd^p (5^t5M + , 

3 

Tg = - ^ rj^) with rj'') = (fp {b^^c" + cf^h") . (6.15) 

A'^'^ represents the the ;U-ghost number operator whereas Tg^ represents the 
/i-ghost transfer operator. 

Calculating {Q,Q'^} in momentum space, we obtain 

r r ^ 

|g,gt|= d^kio\k) +2^(^0''(fc)tA0^(fc)+Ajf(fc)tAj[(fc)) + 

+ - at(fc)a(fc) + Y^ (c°(fc)tc"(fc) + 6°(fc)t6"(fc)) + 



a=0 






2^^^ ko 



13=0 



(6.16) 
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where ^(f represent the absorption operator for the ^u-longitudinal mode 

A^{k) := ^ A^\k) . (6.17) 

Apparently there is an over-counting in the graviton sector: we have four 0/i- and 
four /i-longitudinal modes number operators, as weh as the scalar component a 
number operator, but ^jj is not independent, being a hnear combination of the 

^'^^-operators and we have not taken into account that rjapA'^l^ = 0. 

For this purpose let us choose a reference frame in which k^ = {to, 0, 0, uj) is 
parallel to the third axis, because obviously the unphysical graviton modes de- 
pend on fc, and substitute the yl^^'s by the a**'s, Eq. (6.8), so that the integrand 
of {QjQ^} restricted to the graviton sector becomes 

l03t 403 I /lOlt /lOl I a02\ Am , /il3t/,13 , /i23t ^231 



2c^2 [ + 2^031^03 ^ ^OlT^Ol ^ ^02T^02 ^ ^13T^13 ^ ^23T^23] ^ 

1 

4 



+ u:^[ + a^^^a^^ + a^^K'"'' + a^^\^^ + a^^K'"'' + a'''^ a^^ + -a^a] . (6.18) 



With the definitions 

[j±{k),J±ip)^=6''\k-p), [J±(fc),J^(p)t] =0, (6.19) 

we find that the integrand of {Q,Q'^\ restricted to the graviton sector now reads 

2c^2 [ + ^Olt^Ol ^ ^02t^02 + 2^03t^03 ^ ^13t^l3 ^ 

+ ^23t^23 ^ 1 t^ + 1 33t^33 ^ ji^jl (g 30) 

8 2 

which is manifestly the sum of particle number operators for unphysical modes 
of the graviton field in the chosen reference frame: the two remaining phys- 
ical modes for fixed k are created from the Fock vacuum |J7) by J-{k)^ and 
A^'^{ky in close analogy to the classical reduction of the degrees of freedom in a 
plane gravitational tensor wave h!^ [x) = e"^ (fc)e~*^'^ with polarization tensor 

Therefore Eq. (6.1) defines the physical subspace in a correct manner. A 
different formulation of the graviton quantization can be found in [36]. 

In addition, we can compute the generators of the time evolutions of the 
fields H°'^{x) and ^(x), respectively. These free quantum fields satisfy the 
Heisenberg equations of motion 

-iH^f^ix) = [H^,//"^(x)] , -i6(x) = [H*,$(x)] . (6.21) 
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The Hamilton operators are easily found by (6.7) and read 

3 3 

H,= fd^puip) +^^-(p)tA-(p) + 2X]A0^(p)^^0Xp) 



u=0 
3 



i<j 

H<6 = - /W3^,,,^„^l^^^^^t 



+2 Y, A^\P)''A^\P) 

(fpuj{p) a{p)'^a{p) 



(6.22) 



If we restrict these operators to the physical subspace J-phys and, in addition, 
choose the special reference frame as before, we find that the integrand of (H^ + 
H.i>) reads 



UJ 



Jlj_+2^12t^l2 



(6.23) 



This expression can be recast with 



a±[P)' ■.= ^=J-{p)^TiA^\p)^ , 



V2 
[a±(fc),a±(p)t] =<5(^)(fc-p), [a±(fc),a^(p)t] =0, 



into the form 



UJ 



a'_^a^ + aLfl- 



(6.24) 



(6.25) 



which confirms that graviton states in J-phys have only two independent com- 
ponents, the other eight being unphysical. The four operators a±,a\. absorb or 
create physical states with helicities it 2. 

7 Unitarity 

The property of unitarity in QG, as in non-Abelian gauge theories, is very 
important (and usually very difficult to prove), because the Fock space contains 
a lot of unphysical states (see Sec. 6). 

Nevertheless, there exists a physical subspace J-phys ^ such that the S'-matrix 
restricted to J-phys is unitary. Because of the unphysical degrees of freedom 
involved in the theory, unitarity does not hold on the whole Fock space. There, 
the theory is pseudo-unitary, namely unitary with respect to the K-conjugation. 

Since [u'')^ = u'' , {v}")^ = -u", iJ"^^ = H°'f^ and $^ = $, it follows that 
T^'^'' is skew-K-conjugate 



r/'+"(x; 



-rf+"(x) 



rf+"(x) 



(7.1) 
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and this holds for all the n-point distributions T„ by induction [3, 35] if the 
normalization constants in the distribution splitting Eq. (2.15) are chosen ap- 
propriately: 

Tn{Xf = fn{X) , (7.2) 

where X := {xi, . . . , x„} and T„(X) is the n-point distribution belonging to the 
perturbative expansion of the inverse S'-matrix. According to Eq. (7.2), we get 
pseudo-unitarity 

S{gf = Sig)-' . (7.3) 

We cannot expect unitarity on the whole Fock space because the scalar graviton 
$, the Oi-components of H'^^ and the ghosts are not hermitian (with respect to 
t), but only skew-hermitian. 

With unitarity on the physical subspace we mean the heuristic equation 



lim 

911 L 



^phys '^\9) ^phys ^phys '^(9) ^phys ^phys i \' •'^) 



where Pphys stands for the projection operator onto Tphys- In [14], we were able 
to prove the perturbative version of Eq. (7.4), namely 

^»f (-'^) = Pphys Tn{X)^ Pphys + divergences , (7.5) 

where TJ^[X) is the n-point distribution of the S'-matrix inverted on J-phys 

°° 1 /" 

y^phys ^ \9) ^phys) ^ ^phys + / ^ 7 I a Xl . . . U Xn J-n \-^l-i • • • > •^n) 

1 "• J 



n=l 



X g{xi) ■ . . . ■ g{xn) . (7.6) 



The sum of divergences appearing on the right side of Eq. (7.5) does not harm, 
because the divergences can be integrated out in the adiabatic limit g ^ 1. 

8 Scalar Matter Coupled to Quantum Gravity 

In this section we investigate scalar massive matter fields coupled to QG; also 
the massless limit will be discussed. 

Expanding Cm = \\/--g (9^'^4':u4'-u — m'^'p'^) as in Sec. 3, we find 



2 V y Vy 'r\n'r;v 



n 
+ 



^^ ('/i"'5/i"'500 - \hh^<^ +0(k3) . (8.1) 
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From the first term we obtain the Klein-Gordon equation of motion 

{a + m'^)(l){x) = . (8.2) 

We quantize the scalar field by imposing the commutation rule 

[(l){x),cb{y)] = -iDrn{x-y). (8.3) 

The first order matter-graviton coupling reads 



in \ . „,a , , rn? , , , I IK, 



Tf(x)=^«:£i^'(x):=^|:/i"/50,„</.,^:_!^ :/,00:| = ^ :/i-%^^,rr:, 

(8.4) 

where T^^ is the conserved energy-momentum tensor of the matter field T^ = 
0:M(^:i' — 7]'^'^ Cm . Gauge invariance to first order is readily established 

dgTfix) = 9^ f I :^>,M0,.: -I ■■u'^<P,u4>,u: +^ :^^./'<A: } = 5^Tf/f (x) . 

(8.5) 

8.1 Tree Graph Sector 

Gauge invariance to second order in the tree graph sector 

2 2 

dQT^''^%x,y) = divergence - '^^ :u"(x),^/i°^(x)(/)(x)(/)(x) : 6'^^\x - y) , 

(8.6) 

is spoiled by the local term on the right side that cannot be written as a di- 
vergence. By exploiting the ambiguity in the normalization, in order to restore 
gauge invariance we can add on both sides of Eq. (8.6) 

dQiVr-(x,y) = ^ :<^/i"'300: ^'(x - y) , (8.7) 



which is the gauge variation of the normalization term 

iVr^(x,y) = '-^ (:/i"/3/,"/5^^: _i -.hhcfxP^ S^'\x - y) , (8.8) 

so that we arrive at dQT2^^{x^y) + dQN2'^^{x,y) = divergence, see [16]. 

Also in this case, gauge invariance to second order requires the introduction 
of a new matter-graviton local interaction which turns out to agree with the 
second order in the classical expansion of Cm given in Eq. (8.1), up to the factor 
1/2 coming from the scattering matrix. 

In the massless case we obtain directly dQT^^'^{x,y) = divergence, because 
the local anomaly of Eq. (8.6) does not appear. This agrees with the fact that 
for massless matter Cm = 0, Vj > 2. 
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8.2 Graviton Self-Energy 

As in the calculation of Sec. 5, we find a contribution to the graviton self-energy 
tensor if we perform two matter field contractions in D2{x, y) = \T-^'{x),T-^"{y)] 



Dr{x,y) =:h^''{x)h^^y): d^ix - y)at3^. ^ 



^2 {P)al3fiu 



K?-K 



960(27r)4 L 



P{p) 



(4) 
a/Bfiu 



+ 



m 



xWl 



4m^ 
p2 



P 

,2 /|„^2 



QipYo: 



(4) .!!£ 



r{py: 



(4) 



Q{p — Am ) sgn(p 



(8.9) 



where the three polynomials of degree 4 have the same structure as in Eq. (5.5) 
with the coefficients: PaPnu = [— 8, — 4, 1, — 1, — 1], (jo/j^iy = [—16, —8, —8, 8, —12] 
and R^p^^ = [-48, -24, +16, -16, +4]. 

We split the scalar distribution in Eq. (8.9) according to their singular order 
(J = 0, a; = — 2 and oj = —4, respectively, because the polynomials can be 
neglected in the splitting ([16]), and find 



r#-(x,y) =:h'^P{x)h>^-{y): m(x - y)*°* 



a(3fj.u • 



(8.10) 



The graviton self-energy tensor is evaluated using Eq. (2.16) and reads (admit- 
ting also a freedom in the normalization) 



n(p)L1 



K^TT 



■Pfii/ 



960(27r)' 



p(p)(4) 



afSfMU 



+ ^Q(py: 



%,. + ^RipCl n(p) 



a=0 ) 

where the normalization terms N{p)°'^Jt'^ must be chosen in a gauge invariant 
way (see below). The scalar distribution n(p) is given by 

n(p) = / ds—;T— — - , where q 



Am 



-2 - VT^ log 



1-yr 



+ 2y^q — 1 arctan 



1 + yr^ 

1 



pz 



+ iTT)eil-q) 



(8.11) 



Vq^^ 



e(g-l) 



The above calculation shows that, in our approach, scalar matter coupled to 
QG does not require the introduction of a non-renormalizable counterterm [24, 
25], i.e. of a counterterm that cannot be absorbed in the redefinitions of bare 
parameters appearing in the original Lagrangian of the theory. 
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Further, gauge invar iance 

dQTi^{x,y) = 9^( :uP{x)h^-{y): b^^P-U{x - yfX,) + {x ^ y) , (8.12) 

implies the identity 

b-PP'^ dlYi{x - y)%^^ = Q , (8.13) 

which corresponds to the transversality of the 2-point connected Green function 
( or Slavnov-Ward identity) 



\^5pa 



r G{pfX^ = P" [hap,8 D-{p) U{p)]:r W^ D-{p)\ = . (8.14) 

The attached line represents a free graviton Feynman propagator 

{n\T{h^'^{x)h^"'{y)}\n) = -i b^^^^D^ix - y) . (8.15) 

This latter is affected by radiative corrections due to self-energy insertions. If 
we require that the mass of the graviton and the coupling constant remain 
unchanged, we find for the graviton self-energy tensor 

2 ( 1 4 



Mot ^ ^ TT 
^^f"" 960 (27r) 



JaPtiu "T 2 ^y^JafSfiu "^ 4 ^'-^i^^afSfii' 



m 



+ ^ ^(pC,^ + ^1 ^i(^)Lv + ^2 z2{py:iA , (8.16) 

where Zilpy^i , i = 1,2 are 2 fixed gauge invariant polynomials and Zj G M, i = 
1,2. 

In the massless case we obtain 

This massless particle loop gives also a correction to the Newtonian potential 
V{r) = '-^ 1 + -^^ . 8.18 

8.3 Matter Self-Energy 

In D2 we can isolate also the matter self-energy contribution by performing one 
graviton and one matter field contraction, in this case we obtain 



Z)r-(x,y)=:,/.(x),/.(y):dr-(x-y) 

ra^TT / 2 Tn'^\ ( rn' 
2(2^ [P ~^)[^~V^ 
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d2ip) = -ITT^^Z^ ( r - — ) ( 1 - — ) &{p' - m') sgn{p^) . (8.19) 



We split the numerical distribution df^^ with uj{d2^^) = 2 and obtain 
rf^^(x,y)=:,/.(x),/.(y): ^S(x-y), 



S(p) 



2 2 
-Km IT 

2(27r)5 



+ v'^^°^ 



2 2 

p — 772 



m^ 



i7rQ{p — m ) 



m 5p 2 

+ ^ ^ + Co + C2P 



(8.20) 



If we formally sum the series of graphs with 0, 1,2, ... self-energy insertions, 
we obtain the matter propagator 



S(p)- = +^^(p) + D'^(p) {2^f S(p) bixp) + 

+ bi,{p) (2^)4 t{p) blip) (2^)' s(p) blip) + 



?.21) 



(27r)"^ p^ - m^ + iO + (27r)^S(p) 



-1 



The mass- normalization condition reads S(j)^ = tti^) = and fixes cq = m^(| — 
C2). To find a condition for C2 one should consider the vertex function A(p, q)ai3 
to the third order in the 3-point distribution T^ix,y,z) =: (/)(x)(/>(y)/i"'^(2;) : 
Aix, y, z)a^ as in QED [3]. 

In the massless case we obtain D2^^ix,y) = T2^^ix^y) = 0. 



8.4 Vacuum Graphs 

If we perform three contractions in D2, we get the vacuum graph contribution 

e(p2-4m2)sgn(p°)/(p), 



D^ip) 



(2^ 



1 / 4m'^ I \ 

^^^^ = 384 V ^ " ^ ( ^' " ^""'^^ + 6"^' J + 



+ TTr^ log 



16p^ 



p^ 



+ 



4^7j2 y 4j^2 



pz, 



After distribution splitting with 0^(1)2^ '^) = 4 we obtain 



f^^ip)=Xip)-^ + 



K^vn? 



/(p)e(p2-4m2 



2(27r)5 
where A'(p)""' is the analytic continuation of Ri^'-'ip) 



Xipf 



■ 2 2 
inm 



384(27r) 



^.22) 



^.23) 



3p H m p —6m +[—p'^ + 7m'^p^ — Qm^\\ll 



Am? 



p^ 



X log 



Y^l - 4m2/p2 _ 1 \ 24m6 
V^l-4m2/p2 + i 1 p2 



log' 



_pz 



477^2 y 4j^2 y 
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Since we are interested in the adiabatic limit of the vacuum graphs as in Sec. 5.3, 
we isolate in Eq. (8.23) the leading behaviour in the limit p^ ^ (IR-regime) 



f^^'^ip) 



-IK 



5120(27r)6 



/ + 0(/), 



5.24) 



so that the adiabatic limit becomes in scaling form 



lim(n,S2{g)n) 

0^1 



(2vr)^ 



lim -r / d'^p 



2 e-^oe 



(2vr)^ 



lim — ; 
2 £-.0 e^ 



d^p 



f-«(ep)+iVj«(ep)J go{p)go{-p) 
BeV + O(p^) + CO + 
+ C2eV + QeV 9o{p) 9o{-p) 



0. 



^.25) 



The existence of the above limit requires cq = C2 = and is assured by the IR- 
behaviour of the massive theory T2^{p) ~ p^ for p'^ -^ 0. Independence from 
the test functions go is reached by choosing C4 = 0. 



9 Abelian Gauge Fields Coupled to Quantum Grav- 
ity 

We discuss very briefly the coupling between gravitons and C/(1)-Abelian gauge 
fields (photons), see [15] for the details. 

We expand the Lagrangian Ca = —\/—gF^ii/Fai3g'^^g^'^/4: in powers of the 
coupling constant k and isolate the first order coupling 



T,^{x)=i :£«(x):=i- : h'^^ {x)Ta{xU : 



(9.26) 



^f3u 



fii/^ 



where F'^'^ = d^^A^ — d'^A'^. The photon field is quantized according to 

[A^^{x),A''{y)]=iv^^'^Do{x-y). (9.27) 

First order gauge invariance, dqTf^' [x) = divergence, holds true because 
of T'^"^^ = and rja/sT^^ = 0. 

We evaluate some loop contributions [37, 38, 39] in second order of pertur- 
bation theory. The photon loop graviton self-energy contribution [37] reads 



r|^(x,y) =:h"^{x)h''''{y): iU{x - y^^^. 



(9.28) 
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^2 

n(p) 



a/Bflu _ ^ ^ _ 1 R rrPrPrP-ry _ 8 ti^ (rP^rPni^^ _|_ Ti^n'^n^'^ 



where the self-energy tensor reads 
~ 960(27r)5 



(9.29) 



and satisfies the perturbative gauge invariance condition (and as a consequence 
the Slavnov-Ward identity) as in Sec. (8.2), and, in addition, is transversal 
Pa^{vTf^i''' = and traceless r/„/3fl(p)"^^^ = 0. 

The photon loop graviton self-energy contributes also to the corrections of 
the Newtonian potential as the graviton and ghost loop: 



-Gmim2 f ^ , 4: Gh 
15 c^ TT r-" 



V{r) = ' ' 1 + - ^^ . (9.30) 



The photon self-energy contribution through a graviton-photon loop reads 
Ti'^{x,y)=:A''{x)AP{y): { - iU{x - y),^) , (9.31) 

where the photon self-energy tensor is 

n^^(p) = j^ (/ P'P' - V'" /) log [^^^) ■ (9.32) 

In both cases, we find UV- finite and cutoff- free results for our one-loop calcula- 
tions. Therefore the introduction of counterterms (that cannot be renormalized 
away, see [25, 38, 39]) is not necessary. 

10 General Ansatz for Matter Coupling and Pertur- 
bative Gauge Invariance 

In this section we adopt a new strategy [6, 12] in order to construct a gauge 
invariant theory of quantum gravity coupled to matter fields. 

This purely quantum approach relies merely on the inductive causal con- 
struction of T„ (see Sec. 2) and on the perturbative quantum gauge invariance 
condition (see Sec. 4.2). It does not appeal to any classical Lagrangian density 
and uses only free quantum fields. In [12] this idea was implemented for pure 
QG, as already explained above. 
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10.1 Massive Case 

We adopt the same strategy by choosing the fohowing ansatz for the most gen- 
eral massive matter couphng (disregarding non-relevant divergence couplings) 
between one graviton and two matter fields 

(10.33) 

where x,y,z,w £ M are undetermined coefficients. The quantized graviton and 
matter fields satisfy the commutation rules Eq. (3.2) and Eq. (8.3), respectively. 

The condition of perturbative gauge invariance to first order, dqT^^ = 
divergence, implies y = z/2 — w — x/2. 

In second order, for the graviton self-energy T^^, gauge invariance dQT2^ = 
divergence (which is equivalent to the Slavnov-Ward identity) implies w = 
—x/2 so that the general matter coupling becomes 



Tf{x) = i - ( + X : /i"^</<,a(/.,/3 : +- : hcj),^^,^ : +z : /i"^00,«/3 : -- m 



(10.34) 



with only two undetermined coefficients instead of four. 

The analysis of perturbative gauge invariance to second order in the tree 
sector gives two possible solutions: 

dQT2''''^(xi, X2) + dQN2''^{xi,X2) = divergence <^=^ x = z or x = z + 1 . 

(10.35) 

Both of the conditions on the right side are in agreement with the natural 
assumption that the first order coupling can be written as 

rr(x) = i I -.h'^f'ix) b^p^, e^;(x) : (10.36) 

for an improved energy-momentum tensor with Q^ {x)^u = 0. The 6"^^''-tensor 
appears here because we are using the expansion of the Goldberg variable. 

Thus, we have seen that if we start with the most general ansatz for Tl'' , 
Eq. (10.33), with four undetermined parameters, then perturbative gauge in- 
variance up to the second order is able to reduce this number to one. Analysis 
of the third order should then fix unambiguously this last parametric freedom. 

10.2 Massless Case 

As in the previous section, we investigate if the condition of perturbative quan- 
tum gauge invariance is strong enough to select by itself, among all the possi- 
ble couplings between massless matter fields and gravitons, the right coupling, 
namely to select only one coupling which, in addition, should agree with the 
expansion of the classical Lagrangian. 
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Let us write the most general ansatz for the massless matter couphng (dis- 
regarding unimportant divergence couphngs) as 

Ti'{x) = i^{ + x: h''^(t>,a4)^p : +y : /i<^,-,0-y : +z : /i^'^.^c/),,^ : ) 

i (10.37) 

where x,y,z G M are undetermined coefficients and 0^^ an improved energy- 
momentum tensor with @a4{x)^,j = 0. 

To establish a connection between our undetermined coefficients x, y, z and 
the classical theory, we expand the non-minimally matter coupled Lagrangian 

^M = \^rg (ff^>;M</';. + ^ « 0') (10.38) 

in terms of the graviton field and compare the coefficients. We obtain the 
relations: x = 1 — 2^,, y = S, and z = —2^. 

If ^ = 1/6 we obtain the Callan-Jackiw improved energy-momentum ten- 
sor [40]. 

On the other side we can also consider in Eq. (10.37) the most general 
conserved and traceless energy-momentum tensor 

e^^ = Q 0'^,/.''^ - ^ T]^^ 0,^0'T - I ^^^^"^ , aeM, (10.39) 

which gives the relations x = a, y = —a/4 and z = —a/2. 

Gauge invariance to first order, dqT^' = divergence is then always satisfied. 

Gauge invariance to second order for the matter loop graviton self-energy , 
^qT^^ = divergence, requires that y = z/2. 

Since the particle circulating in the loop is massless, we expect the self-energy 
tensor to be traceless, too. This implies y = — x/4 and z = —x/2. 

With these relations among the parameters we can undertake the investiga- 
tion of perturbative gauge invariance to second order in the tree graph sector. 
We find again 

dQT2'''''{x\,X2) + dQN2'''''{xi,X2) = divergence <^=^ x = z or x = z + 1 . 

(10.40) 

Obviously the first relation x = z cannot be satisfied by our coefficients in both 
cases, Eq. (10.38) and Eq. (10.39), therefore should be rejected. 

The second relation a; = z + 1 is satisfied V.^ G M in the case of non-minimal 
matter coupling ^RcfP'. The reason is that this term has zero gauge variation so 
that its addition to the term : h'^^ (f) ^a4' ,13 •> which is already gauge invariant to 
first and second order alone, does not change the theory from the point of view 
of the gauge structure. 

On the other side, if we examine the relation x = z + 1 in view of Eq. (10.39), 
we find that it has only one solution, namely a = 2/3. Therefore, according to 
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our strategy, perturbative quantum gauge invariance to first and second order, 
together with some assumptions about the structure of the massless matter 
energy-momentum tensor, Eq. (10.39), leads to the coupling 

T'rW=if ( + ^ ■■h-^^,acp,f3:-l :H^<A,7:-J :/i°^<^<A,a/3: ) . (10.41) 

This result is equivalent to the choice of .^ = 1/6 in Eq. (10.38) and, equivalently, 
to the use of the Callan-Jackiw improved energy-momentum tensor. 
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